ABSTRACT. Recently M. G. Crandall and P. L. Lions introduced the notion of "viscosity solutions" of scalar nonlinear first order partial differential equations. Viscosity solutions need not be differentiable anywhere and thus are not sensitive to the classical problem of the crossing of characteristics. The value of this concept is established by the fact that very general existence, uniqueness and continuous dependence results hold for viscosity solutions of many problems arising in fields of application. The notion of a " viscosity solution" admits several equivalent formulations. Here we look more closely at two of these equivalent criteria and exhibit their virtues by both proving several new facts and reproving various known results in a simpler manner. Moreover, by forsaking technical generality we hereby provide a more congenial introduction to this subject than the original paper.
Our goal here is first to look more closely at two alternative definitions of solutions of (0.1), each of which was proved equivalent to the "viscosity" notion in [2] , and second to present some new properties of these solutions. Although these alternative definitions were mentioned in [2] , they were not used there. Here we emphasize that they are more appealing in some respects and more convenient for certain purposes than the one taken as basic in [2] (see, e.g., Evans [6] , which stimulated the current work). In particular, choosing appropriately each time one of these equivalent notions, we can simplify the proofs of several results given in [2] . Furthermore, the concept of viscosity solutions is closely related to some previous work by L. C. Evans [5] . We should also point out that this paper is essentially self-contained and makes easier reading than [2] , as we forsake generality here.
Let us first formulate the definition of viscosity solutions in the form we think the most appealing (even if not always the most convenient to use). We begin by recalling that a function u from ( into R is said to be differentiable at y0 E In general, D + u(y0) are closed and convex sets. There is an obvious relation between our "subdifferential" and the notion used in convex analysis. We have also learned that the subdifferentials used here were previously employed by E. DeGiorgi, A. Marino and M. Tosques in another context in [4] . We may now define the concept of viscosity solution of (0.1). DEFINITION In a similar way, u E C(Q() is said to be a viscosity subsolution (resp. supersolution) of (0.1) if (0.5) (resp. (0.6)) holds. We will reprove in ?1 that this is equivalent to the following notion of solution of (0.1). DEFINITION Here Du denotes the gradient with respect to x( = RW). Of course (0.10) is a special case of (0.1) with ? -R X (0, +o), y = (x, t), m = n + 1. In ?3 we show that the well-known vanishing viscosity method yields viscosity solutions; and finally in ?5 we consider the relations between viscosity solutions of (0.10) and nonlinear semigroup theory.
u E C(() is
Let us recall that many of the results presented here have been already proved in [21, but the proofs herein seems to be simpler (essentially due to our freedom in choosing among the equivalent definitions of viscosity solution). Since the main point here is simplicity, we will not consider more general Hamiltonians H than in (0.9) or (0.10). Technical generality (e.g., H(x, t, u, Du) in (0.10)) is available in [ Then u is a viscosity solution.
(ii) Let u be a viscosity solution of (0.1) which is differentiable at some yo Ez 9. Then F(yo, u(yo), Du(yo)) = 0. 
Now xo is a maximum point of x + u(x) -(v(yo) -3M,Q(x -y)) and thus, by assumption, (2.8) u(xo) + H(-3M(DI3,)(x0 -yo)) < f(xo). Similarly, yo is a minimum point of y <-v(y) -(u(xo) + 3M#,Q(xo -y)) and so (2.9) v(yO) + H(-3M(DIl)j(x0 -Yo)) > g(yo). Together, (2.8) and (2.9) yield (2.10) u(xo) -v(yo) A(x0) -g(yo)
. 
